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Abstract
We study properties of hypersurfaces of the standard symplectic space (R2n,ω), which are invariant under
affine symplectic transformations. In this framework, we describe the invariants of hypersurfaces and discuss the
existence of an isoperimetric inequality.  2002 Published by Elsevier Science B.V.
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Introduction
This work is an introduction to symplectic affine geometry: we study the invariants of hypersurfaces
of R2n under the action of the affine symplectic group. The two-dimensional case is just equiaffine
geometry (see [10]).
For n  2, this geometry can be seen as intermediate between unimodular affine geometry and
euclidean geometry. Namely, from an algebraic point of view, modulo Sl(2n,R), all the positive quadratic
forms are equivalent up to a constant factor; modulo O(2n,R), they are characterized by 2n numerical
invariants, and modulo Sp(2n,R), by Birkhoff’s n invariants (see [7], and [8] for quadratics forms of
any type). So, we shall call symplectic sphere an hypersurface whose equation is ∑ni=1 x2i + y2i = a2 in a
symplectic basis. They are the only compact hypersurfaces which are homogeneous under the action of
a subgroup of the affine symplectic group (see Proposition 1.12).
Even if we are using notions of symplectic geometry (characteristic curves, lagrangian varieties, . . .),
the symplectic affine geometry does not have the same nature. The symplectic affine group is, unlike the
symplectomorphism group, finite-dimensional, and there do exist in our case local invariants.
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In the first part, we present the foundations of symplectic affine geometry. We proceed in the same way
as in euclidean geometry (see [11]), or in equiaffine geometry (see [10]). With a natural parametrization of
the characteristic curves of a hypersurface, we obtain an adapted transversal field (the symplectic (affine)
normal vector), and other tensorial invariants which characterize hypersurfaces modulo the symplectic
affine transformations (see Theorem 1.8, which is analogous to Bonnet’s theorem).
Afterwards, we give a geometric interpretation of the direction of the symplectic normal vector (to end
this part, we explain the example, essential for the rest, of the symplectic spheres).
There exists in equiaffine geometry an isoperimetric inequality (see [9]). This inequality is very
different from its euclidean analogue (see [2] or [3]): it works in the other way.
Theorem. Let M be an ovaloid in Rn+1. Then
S(∂M)n+2
Vol(M)n
 S(∂E)
n+2
Vol(E)n
,
where E is an ellipsoïd of Rn+1, and the equality holds if and only if M is an ellipsoïd.
If we introduce an euclidean structure on Rn+1, in this theorem, Vol denotes the standard volume
of Rn+1 and S the affine area computed with the volume element dV given by
dV =K 1n+2 dVe,
where dVe denotes the Riemannian volume element of the first fundamental form and K the euclidean
Gauss–Kronecker curvature of M . In fact dV is the volume element induces by the equiaffine normal
field.
In the affine symplectic case, the symplectic normal vector defines, in a natural way, a volume form on
the hypersurface. Therefore we can compute the affine symplectic volume of a compact hypersurface, and
ask whether there is an isoperimetric inequality, involving this affine symplectic volume and the 2n-di-
mensional volume of the domain bounded by the hypersurface. This is the object of the second part. This
problem is related to the variation of the affine symplectic volume of hypersurfaces under compactly
supported deformations: indeed such an inequality would show, in particular, that the affine symplectic
volume of extremal submanifolds is critical for deformations which don’t change the volume bordered
by the domain. Theorem 2.2 gives the first variation which allows us to define the symplectic affine
mean curvature, and to introduce stationary hypersurfaces, which are analogous to minimal surfaces in
euclidean geometry and maximal surfaces in equiaffine geometry. We show (Theorem 2.6) that there are
no stationary compact hypersurfaces (we have the same situation in euclidean and equiaffine cases). In
Section 2.3, we compute the second variation of the symplectic volume for symplectic spheres and show
that they are strongly unstable: the index and the co-index of the second variation are both infinite.
1. Symplectic affine invariants
1.1. The symplectic normal vector
Let f :M2n−1 → R2n be an immersion with a transversal field ξ . Let D be the standard affine
connection of R2n. If X and Y are vector fields on M , when we take the transversal and the tangential
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components of DXf∗Y and DXξ , we obtain
(1)DXf∗Y = f∗∇ξXY + hξ (X,Y )ξ “Gauss formula”,
(2)DXξ = f∗Aξ(X)+ αξ(X)ξ “Weingarten formula”.
It can be checked easily that ∇ξ is a torsion-free connection on M , the induced connection, the other
objects are tensorial. Moreover, the conformal class of hξ depends only on the immersion. In euclidean
geometry, we have, with the unitary normal field, a natural choice (up to sign) for ξ . So αξ = 0; the
operator Aξ and the form hξ are dual for the induced metric.
In equiaffine geometry, with a non-degeneracy hypothesis (the rank of hξ is maximum), there is a
transversal field which is equivariant under the affine special group G (see [10]). Then formulas (1)
and (2) give the fundamental invariants of an immersion under the action of G (we have αξ = 0 again,
but no relation between Aξ and hξ ).
Likewise, we shall build an H -equivariant transversal field, where H = Sp(2n,R)  R2n. By
construction the objects Aξ , αξ , hξ and ∇ξ defined by the Gauss and Weingarten formulas will be
symplectic affine invariants. We begin with the characteristic foliation on M defined by the immersion.
The following condition is analogous to the above condition of non-degeneracy on hξ in equiaffine
geometry. It is an open condition, and it is satisfied, for instance, for convex hypersurfaces.
Definition 1.1. An immersion f :M → R2n is nondegenerate in the symplectic sense if the osculating
2-planes of the characteristic curves are transversal to the tangent plane of the immersion.
Proposition 1.2. Let f :M → R2n be a non-degenerate immersion, there exists a unique vector field
along M which generates the characteristic foliation and satisfies ω(f∗X0,DX0f∗X0)= 1.
Proof. The non-degeneracy condition is equivalent to ω(c˙(t), c¨(t)) 	= 0, where c(t) is a characteristic
curve. A new parametrization gives ω(c˙(t), c¨(t))= 1 (see the equiaffine theory of plane curves).
Let X be a vector field on U , where U is an open set of M , such that VectX is the characteristic
foliation restricted to U . The change of parameter above is equivalent to changing X into X0 = gX,
where g is a function on U . So, we look for g such that ω(f∗X0,DX0f∗X0) = 1. A simple calculation
shows that we must have
g = [ω(f∗X,DXf∗X)]−1/3.
Clearly, this X0 does not depend on the choice of X, and so it can be defined everywhere on M . ✷
Definition 1.3. The vector field X0 of the proposition above is the characteristic field and ξ =DX0f∗X0
is the symplectic normal vector.
The form hξ is the fundamental form, αξ is the transversal connection form and Aξ is the shape
operator.
When n = 1, the symplectic normal vector is the affine normal, see [10]. From now on, we will
take systematically as transversal field, the symplectic normal field, and we will denote the induced
connection, the fundamental form, the transversal connection form and the shape operator, respectively,
by ∇ , h, α and A. Finally, in all that follows P is the (2n− 2)-(symplectic)plane field over M defined by
f∗P =
[
Vect(f∗X0, ξ )
]0
.
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It follows directly from what precedes that for a nondegenerate immersion f :M →R2n, M has a natural
orientation.
Proposition 1.4. Let f :M →R2n be a nondegenerate immersion.
Let X and Y be two vector fields on M . Then
α(X)= ω(ξ, f∗∇XX0),
ω
(
f∗A(X),f∗Y
)= ω(f∗∇XY, ξ) if Y ∈ P,
h(X,Y )= ω(f∗Y,f∗∇XX0) if X ∈ P or Y ∈ P.
Proof. It is enough, to show the proposition, to use the fact that Dω= 0, where Dω is defined by
DXω(η, ν)=X.ω(η, ν)− ω(DXη, ν)−ω(η,DXν),
X, η and ν are, respectively, a vector field on M and two vector fields along f . ✷
The above proposition shows, in particular, that the field P is the orthogonal of the characteristic
direction for the fundamental form h. Indeed, if X ∈ P then h(X0,X) = ω(f∗X,f∗∇X0X0) = 0, and
conversely if h(X,X0)= 0, we have ω(f∗X,ξ)= 0 so that X ∈ P .
Let Ω = ω∧· · ·∧ω be the standard volume form of R2n. We have for all nondegenerate f :M →R2n,
an induced volume form θ defined by
θ(X1, . . . ,X2n−1)=Ω(f∗X1, . . . , f∗X2n−1, ξ ).
Definition 1.5. This volume form is the symplectic volume form of the immersion and the affine
symplectic volume of the immersion is just its integral. With the above notations, we have
∇θ = α⊗ θ.
1.2. Structure equations and Bonnet’s theorem
All the objects defined in the above section satisfy integrability conditions (analogous to the Gauss
and Codazzi equations in euclidean geometry). We have to compare this result with the equiaffine case
(see [10]).
Proposition 1.6. Let f :M → R2n be a nondegenerate hypersurface and m a point of M . If x, y, z ∈
TmM , we have
R(x, y)z= h(x, z)A(y)− h(y, z)A(x) “Gauss’ eq.”,
(∇xh)(y, z)− (∇yh)(x, z)= h(x, z)α(y)− h(y, z)α(x) “Codazzi’s eq.”,
(∇xA)(y)− (∇yA)(x)= α(x)A(y)− α(y)A(x),
dα(x, y)= h(y,A(x))− h(x,A(y)).
In Gauss’ equation, R is the curvature of the induced connection.
Proof. It is the same as in the euclidean and equiaffine cases. ✷
When we write Codazzi’s equation with X =X0, Y ∈ P and Z =X0, we obtain the following result.
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Proposition 1.7. Let f :M →R2n be a nondegenerate immersion. Then
3α(X)=−ω(f∗A(X0), f∗X).
We have already noticed that ξ , h, A and ∇ are affine symplectic invariants (the transversal connection
form α is entirely determined by the shape operator A according Proposition 1.4). The following theorem,
analogous to Bonnet’s theorem in euclidean geometry, indicates that these invariants characterize
immersions, up to affine symplectic transformations.
Theorem 1.8. Let f :M → R2n and f¯ :M → R2n be two nondegenerate immersions which induce the
same orientation on M and such that f ∗ω= f¯ ∗ω.
Let ∇ , h and A (resp. ∇¯ , h¯ and A¯) be the objects defined by f (resp. f¯ ). If
∇ = ∇¯, h= h¯, and A= A¯
then there exists a symplectic affine transformation Φ such that
f¯ =Φ ◦ f.
Proof. Let X0 and ξ (resp. X¯0 and ξ¯ ) be the characteristic field and the symplectic normal vector
for f (resp. f¯ ). The vector fields X0 and X¯0 are proportional because f ∗ω = f¯ ∗ω. Therefore, we
have X0 = λX¯0. However the fundamental forms induced by f and f¯ are equal. So 1 = h¯(X¯0, X¯0) =
λ2h(X0,X0)= λ2 and λ=±1. The natural orientation induces by f and f¯ are the same, hence X0 = X¯0.
Furthermore, by Proposition 1.7, we obtain α¯ = α because A¯=A.
The proof of the existence of an affine transformation with the required property is the same as in the
equiaffine case (see [10]): to any x in M we associate the map Lx from Tf (x)R2n to Tf¯ (x)R2n defined as
follows{
Lf∗X = f¯∗X for X ∈ TxM,
Lξx = ξ¯x.
Identifying Tf (x)R2n and Tf¯ (x)R2n to R2n, enables us to view L as an endomorphism field of R2n.
We show, by computing DL, that L is constant along M . We then define the map t :M → R2n
t (x) = f¯ (x) − L(f (x)), and check that t is indeed constant. Thus the affine transformation Φ, whose
linear part is L and whose translation part is t , satisfies
f¯ =Φ ◦ f.
It is straightforward that L is a symplectic transformation. ✷
1.3. Geometric meaning of the symplectic normal vector field
In affine geometry, the affine normal at a point p of a hypersurface M can be interpreted as the tangent
direction in p of the curve given by the centers of gravity of the sections of M by hyperplanes which are
parallel to the tangent plane of M in p (see [9]). This result was shown by Blaschke for the plane and
Leichtweiss for the higher-dimensional case.
We will give in this section an analogous interpretation of the symplectic normal vector. Let us recall
that if x → (x, f (x)) is a graph, and if f (x) = a x22 + bx
3
6 + o(x3), the affine normal at (0,0) (which
exists if a 	= 0) is colinear to (b,−3a2).
6 V. Deconchy / Differential Geometry and its Applications 17 (2002) 1–13
Let S be a hypersurface given by a graph X → (X,f (X)) over the tangent plane at the origin. We will
see that under certain conditions the affine normals at 0 of the sections of S by all 2-planes which contain
a given vector u are in a hyperplane. Such a 2-plane (not in the tangent hyperplane) is generated by u
and a vector of the form w= v + k, where v is tangent to S (and transversal to u), and k = (0,0, . . . ,1).
In the frame (u,w), the intersection is the graph of the implicit function defined by
y − f (xu+ yv)= 0,
whose second and third derivatives at the origin are
D2f (u,u) and D3f (u,u,u)+ 3D2f (u,u)D2f (u, v).
The affine normal of this curve at (0, f (0)) exists if we have D2f (u,u) 	= 0, i.e., if and only if u is not
an asymptotic direction of S. And it is given by
(
D3f (u,u,u)u− 3
(
D2f (u,u)
)2
k
)+ 3D2f (u,u)(D2f (u, v)u−D2f (u,u)v).
This vector, when the 2-plane varies, belongs to the hyperplane which is the direct sum of the line
generated by D3f (u,u,u)u− 3(D2f (u,u))2k, and the orthogonal of u (in the tangent to S) for D2f (by
assumption u is not in the kernel of D2f ).
Therefore we have shown the following proposition.
Proposition-Definition 1.9. Let S be a smooth hypersurface, m a point of S and u a tangent vector
to S at m. If u is not an asymptotic direction of S, then the affine normals at m of sections of S by
the 2-planes (transversal to the tangent plane) containing u lie in a hyperplane. This hyperplane is the
diametral hyperplane associated to u.
We can now give a geometric interpretation of the direction of the normal symplectic vector.
Theorem 1.10. Let S be a nondegenerate hypersurface and m a point of S. The symplectic normal vector
at m belongs to the symplectic orthogonal of the diametral hyperplane associated to the characteristic
direction at m.
Proof. Let us assume that the hypersurface is given by a graph over its tangent plane at m:
F : (x1, y1, . . . , x2n−1) →
(
x1, y1, . . . , xn−1, f (x1, y1, . . . , xn−1)
)
.
The characteristic field is proportional to
X¯0 =
(
− ∂f
∂y1
,
∂f
∂x1
, . . . ,1,
∂f
∂xn−1
)
.
In particular at the point m, X¯0 = (0, . . . ,1,0). We follow now the construction of the symplectic normal
vector we described in the first part. We have X0 =ΛX¯0 where Λ= (ω(X¯0,DX¯0X¯0))−1/3. Here we have
Λ= (D2f (X¯0, X¯0))−1/3. By definition, ξ =DX0X0, hence ξ =Λ2DX¯0X¯0 +ΛX¯0.ΛX¯0. The value of Λ
gives
ξ = 1
3
(
D2f (X¯0, X¯0)
)−5/3(
D3f (X¯0, X¯0, X¯0)X¯0 − 3
(
D2f (X¯0, X¯0)
)2
k
)
.
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The symplectic non-degeneracy condition ensures that D2f (X¯0, X¯0) 	= 0, we can apply the construction
of the diametral hyperplane for u= X¯0.
Before ending the proof, let us recall that when we choose k for transversal field, the associated
fundamental form h at m is (D2f )m, which is conformal to h. Finally the symplectic normal vector
is in the diametral plane associated to the characteristic direction because it is the direct sum of
D3f (X¯0)X¯0 − 3(D2f (X¯0))2k and the orthogonal of X¯0 for D2f , i.e., for the fundamental form h; in this
case it is the direct sum of ξm and the (2n− 2)-plane Pm. Moreover ω(ξ,Z)= 0, for all Z ∈ P , therefore
the symplectic normal vector at m generates the symplectic orthogonal of the diametral plane. ✷
In fact we have shown that the symplectic normal vector belongs to the symplectic orthogonal of the
tangent at m of the hypersurface formed by the medium of the sections of S by lines which are parallel
to the characteristic direction.
1.4. Symplectic spheres
We end this part with the example of the symplectic spheres which plays a natural role in a study of
isoperimetric inequality. One can find other examples in [5].
Definition 1.11. A symplectic sphere of R2n is a quadric defined by a quadratic form q which can be
written as
q(X)= x21 + y21 + · · · + x2n + y2n
in a suitable symplectic basis.
The couple (q,ω) enables us to define a complex structure J compatible with ω such that q(x, Jy)=
ω(x, y). With these data, a symplectic sphere (generally denoted S2n−1) becomes a sphere of a hermitian
vectorial space. The space of symplectic spheres with a fixed volume is, in a natural way,
Sp(2n,R)/U(n).
The characteristic field X0 is the Hopf field. Then we have an action of S1 on S2n−1 which induces
a Riemannian submersion (the well known Hopf fibration) on Pn−1C with its standard metric. This is a
symplectic reduction by the action of X0 (see [6]).
It is useful to work with a local basis (X0,X1, Y1, . . . ,Xn−1, Yn−1) where the Xi and Yi for i 	= 0 are
horizontal lifts of an orthonormal local basis of Pn−1C of type (X¯1, J X¯1, . . . , X¯n−1, J X¯n−1).
With the hermitian structure above, we can identify a symplectic sphere with U(n)/U(n− 1). In fact,
we have the following result.
Proposition 1.12. The only compact hypersurfaces which are homogeneous under the action of a
subgroup of the symplectic affine group, are the symplectic spheres.
Indeed, the group operating on the hypersurface is a compact subgroup of the symplectic group
(because the domain bordered by the hypersurface is invariant under the action). The orbit of a point
under the action of this group is in the orbit of this point under the action of U(n) (or a conjugate of
U(n)), i.e., in a symplectic sphere.
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2. Stationary immersions
2.1. Divergence with respect to a connection and divergence with respect to a volume form
Let M be a manifold with a torsion-free connection D and a volume form θ . We have two concepts of
divergence for a vector field X on M . On the one hand, the divergence associated to θ which is denoted
by divθ , defined by
LXθ =
(
divθ X
)
θ,
where L is the Lie derivation on M . On the other hand, the divergence associated to the connection D,
which is denoted by divD X, and defined by
divD X = trD.X.
The following proposition indicates the relation between these operators (they are equal in euclidean and
equiaffine geometry).
Proposition 2.1. Let M be a manifold of dimension n with a torsion-free connection D and a volume
form θ .
If Dθ = γ ⊗ θ , where γ ∈Ω1(M), and if X is a vector field on M ,
divθ X = divD X+ γ (X).
Proof. Let (e1, . . . , en) be a local frame such that, if we denote by e∗1, . . . , e∗n the dual forms, we have
θ = e∗1 ∧ · · · ∧ e∗n.
We shall denote by 〈, 〉 the duality bracket. By definition
divD X =
n∑
i=1
〈
e∗i ,DeiX
〉
and
divθ X=
n∑
i=1
〈
LXe
∗
i , ei
〉=−
n∑
i=1
〈
e∗i ,LXei
〉
=−
n∑
i=1
〈
e∗i , [X,ei]
〉=−
n∑
i=1
〈
e∗i ,DXei −DeiX
〉
= divD X−
n∑
i=1
〈
e∗i ,DXei
〉
.
On other hand,
DXθ =
n∑
i=1
e∗i ∧ · · · ∧ e∗i−1 ∧DXe∗i ∧ e∗i+1 ∧ · · · ∧ e∗n =−
n∑
i=1
〈
e∗i ,DXei
〉
θ.
The form γ of the proposition is given by γ (X)=−∑ni=1〈e∗i ,DXei〉. Thus we have the result. ✷
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In particular for a nondegenerate hypersurface f :M →R2n, we have divθ = div∇ +α.
To finish, let us note that for a nondegenerate hypersurface f :M → R2n, we have divθ X0 =
div∇ X0 = 0.
2.2. First variation of the affine symplectic volume of an immersion
Let f :M → R2n be a nondegenerate immersion. A smooth variation of f is a differentiable map
F : I ×M →R2n where I =]−ε, ε[, such that, when we write ft(x)= F(t, x),
• for all t , ft is a nondegenerate immersion;
• ft = f outside a compact set;
• f0 = f.
For a smooth variation F of f , we consider Vt = F∗ ddt which we decompose as
(3)Vt = gtξt + V Tt ,
where V Tt ∈ TM . We denote by Dt the covariant derivation along ft , ξt the symplectic normal vector of
the immersion ft and θt the induced volume form associated. We have D0 =D, θ0 = θ and ξ0 = ξ . We
write V = V0, g = g0 and V T = V T0 .
We are interested in the derivatives of the affine symplectic volume, i.e., in the variations, at t = 0, of
Vol2n−1
(
ft(M)
)=
∫
M
θt .
The following theorem gives the first variation.
Theorem 2.2. Let f :M →R2n be a nondegenerate immersion and F a smooth deformation of f . With
the usual notations we have
d
dt
∣∣∣∣
t=0
Vol2n−1
(
ft(M)
)=
∫
M
gHθ,
where
H = tr(A)− 1
3
ω
(
f∗A(X0), ξ
)
.
The function H is called the symplectic mean curvature of the immersion.
We will often use the following result. It just says that
DFUF∗
d
dt
−DFd
dt
F∗U = F∗
[
U,
d
dt
]
,
where DF is the covariant derivative along F , and U a vector field on I ×M .
Lemma 2.3. We place ourselves in the situation described above. If Xt is a vector field on I ×M then
d
dt
F∗Xt =DtXtVt +F∗
dXt
dt
.
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We will need the variation of the symplectic normal vector. In the following, the dot denotes the
derivative with respect to t at 0.
Lemma 2.4. With the notations above
ω
(
f∗X0, ξ˙
)= 1
3
[
X0.X0.ω(f∗X0, V )−ω
(
f∗A(X0),V
)]
.
Proof. We shall compute ξ˙ from the definition of ξt . Indeed ξt = DtX0t F∗X0t where X0t is the
characteristic field of the immersion ft :M → R2n. A direct computation gives ξ˙ = DX˙0f∗X0 +
DX0f∗X˙0 +DX0DX0V. Then
ω
(
f∗X0, ξ˙
)= 2h(X0, X˙0)+ω(f∗X0,DX0DX0V )
= 2ω(f∗X˙0, ξ)+ ω(f∗X0,DX0DX0V ).
We have another method to compute ω(f∗X0, ξ˙ ). We know that ω(F∗X0t , ξt ) = 1, thus if we take the
derivative with respect to t , we obtain from Lemma 2.3
ω
(
f∗X0, ξ˙
)=−ω(f∗X˙0, ξ)− ω(DX0V, ξ).
These results give
(4)ω(f∗X0, ξ˙)=−23 ω(DX0V, ξ)+
1
3
ω(f∗X0,DX0DX0V ).
We now express ω(f∗X0,DX0DX0V ) in more detail. We calculate X0.X0.ω(f∗X0, V ) and we obtain
X0.X0.ω(f∗X0, V )= ω
(
f∗A(X0),V
)+ 2ω(ξ,DX0V )+ω(f∗X0,DX0DX0V ).
In other words
ω(f∗X0,DX0DX0V )=X0.X0.ω(f∗X0, V )+ 2ω(DX0V, ξ)−ω
(
f∗A(X0),V
)
.
We obtain the result by injecting this in (4). ✷
Proof of Theorem 2.2. There exists kt such that θt = ktθ. Locally,
kt = θt (X0, u1, v1, . . . , un−1, vn−1),
where (u1, v1, . . . , un−1, vn−1) denotes a symplectic basis of P . If we denote Ω = ω ∧ · · · ∧ ω (n times)
the standard volume form of R2n, k˙ is the sum of the following terms:
ω
(
d
dt
∣∣∣∣
t=0
(ft)∗X0, ξ
)
, ω
(
f∗X0, ξ˙
)
and
n−1∑
i=1
ω
(
d
dt
∣∣∣∣
t=0
(ft)∗ui, f∗vi
)
+ω
(
f∗ui,
d
dt
∣∣∣∣
t=0
(ft)∗vi
)
.
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Thus by Lemma 2.3 and (3), k˙ = (trA)g + div∇ V T + ω(f∗X0, ξ˙ ). Lemma 2.4 and Proposition 1.7
enable us to conclude that
k˙ =
[
(trA)− 1
3
ω
(
f∗A(X0), ξ
)]
g+ div∇ V T + α(V T )+ 1
3
X0.X0.ω(f∗X0, V ).
The theorem is now shown. Indeed, using Stokes’s theorem, we see that the integral of
div∇ V T + α(V T )+ 1
3
X0.X0.ω(f∗X0, V )= divθ V T + 13 LX0LX0ω(f∗X0, V )
vanishes. ✷
Definition 2.5. A stationary immersion is an immersion such that H = 0.
This terminology is justified by the fact that these immersions are critical points for the affine
symplectic volume: the symplectic mean curvature H is zero if and only if the first variation of the
symplectic affine volume is zero for all deformations. In euclidean or riemannian geometry, surfaces
with this property are called minimal. In equiaffine geometry, E. Calabi suggested that the hypersurfaces
with a zero affine mean curvature be called maximal (see [4]): a computation of the second variation for
a surface given by a graph shows that the affine area is a maximum for these surfaces.
As in the euclidean and equiaffine cases, we have the following result.
Theorem 2.6. There are no compact (nondegenerate) stationary immersions.
Proof. Let f :M →R2n be a nondegenerate immersion and p a point of R2n which is not in f (M). For
all x ∈M , f (x)− p can be decomposed as
f (x)− p = f∗Z + ρ(x)ξ.
We calculate ρH with the definition of the symplectic mean curvature, and we obtain
ρH = (2n− 1)− 1
3
− divθ Z + 1
3
X0.ω(f∗Z, ξ).
Let us assume that M is compact and H = 0, by integration we have 0 = ∫
M
θ, and this is impossible. ✷
Now we work with embedded compact hypersurfaces. Such a hypersurface bounds a compact domain.
We are interested in this part in hypersurfaces whose first variation of the symplectic affine volume
vanishes when we take deformations which preserve the 2n-dimensional volume of the domain, i.e.,
hypersurfaces with constant mean curvature (see [5] for more details).
2.3. Second variation for symplectic spheres
We are interested now in the second variation of the affine symplectic volume. In this part, in order to
simplify the notations, we will work with symplectic spheres of R2n+2. They have a constant symplectic
mean curvature. From now on, S2n+1 denotes a symplectic sphere of the form
n+1∑
i=1
x2i + y2i = 1
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in a symplectic basis. We study now the second variation of the symplectic volume for symplectic
spheres. We restrict ourselves to deformations of the form ft (x)=G(t, x)f (x).
Theorem 2.7. For deformations of the form ft (x) = G(t, x)f (x) which preserve the (2n+ 2)-dimen-
sional volume, the second variation of affine symplectic volume of S2n+1 is given by
(
Vol2n+1
(
S2n+1
))′′∣∣
t=0 =−
12n+ 8
9
∫
S2n+1
(LX0g)
2θ − 24n+ 8
9
∫
S2n+1
g2θ
− 2
9
∫
S2n+1
(LX0LX0g)
2θ + 2
∫
S2n+1
g=gθ.
The function g is defined by − dGdt |t=0 and = is the standard laplacian of the sphere S2n+1.
We omit the proof, which is similar to the proof of the second variation formula for minimal surface.
See [5] for more details
To finish, we will study the sign of (Vol2n+1(S2n+1))′′|t=0 when we take functions g such that∫
S2n+1
gθ = 0.
We have to separate the case where n = 0 and the case where n  1. In the first case, the existence of
the isoperimetric inequality is ensured by equiaffine geometry. In particular the sphere (here an ellipse)
is a maximum for the variation of the affine symplectic volume when we do variations preserving the
volume of ambiant space. We find (Vol1(S1))′′|t=0  0. We will show that in the second case, the second
variation does not have a constant sign.
Let us remember a few results concerning the spectrum of the laplacian of the sphere (we can find
more details in [1] at p. 160): the spectrum of (Sn, g0), denoted by Spec, is the set of λk = k(k+ n− 1),
k  0, and the eigenspace associated to λk is the set of harmonic homogeneous polynomials of degree k
restricted to Sn. The eigenspaces are orthogonal, so these functions generate some deformations which
preserve the (2n+ 2)-dimensional volume.
Here we are in the case of a sphere of odd dimension S2n+1 in Cn+1 We have already seen that X0
is the Hopf field, it operates on the eigenfunctions of the laplacian. The subspace I which is invariant
under this action is the space of harmonic polynomials of same degree in z and z¯. It is just the space
of eigenfunctions factor through the S1 action generated by X0, and give the eigenfunctions of the
Laplace operator of PnC. Let us specify in more detail the action of X0 over P . We have X0.z= iz and
X0.z¯=−iz. The eigenvalues for this action have the form ik where k ∈ Z, and the associated eigenspace
is the set of the homogeneous harmonic polynomials of degree k in z or z¯ when k 	= 0 (in the sequel we
will work with the real or imaginary part of such polynomials) and I is the eigenspace associated to the
zero eigenvalue. More generally the action of X0 over a bihomogeneous polynomial P of degree k in
the zi , l in the z¯i is
X0.P = (k − l) iP.
Corollary of Theorem 2.7. In the conditions of Theorem 2.7. For n  1, the index and the co-index of
(Vol2n+1(S2n+1))′′|t=0 are both infinite.
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Proof. The second variation (Vol2n+1(S2n+1))′′|t=0 has a positive sign for the elements of I of strictly
positive degree because if P ∈ I we have LX0P = 0 (by definition) and the second variation becomes
−24n+ 8
9
∫
S2n+1
g2θ + 2
∫
S2n+1
g=gθ.
Then the second variation has an infinite index.
On the other hand if g (resp. h) is a restriction to the sphere of a function like Re zki (or Im zki ),
with (z1, . . . , zn+1) a system of coordinates on Cn+1 and k an integer, we have LX0g = −kh and
LX0LX0g =−k2g. Moreover∫
S2n+1
g2θ =
∫
S2n+1
h2θ
because
∫
S2n+1(g + ih)2θ = 0.
The second variation becomes(
−2
9
k4 − 24n+ 8
9
− 12n+ 8
9
k2 + 2k(k+ 2n)
) ∫
S2n+1
g2θ,
and it is negative for k  3 and zero for k = 1 or k = 2.
This last point is not a surprise, the corresponding deformations are in the Lie algebra of the affine
symplectic group. ✷
For n= 0, the expected result (the second variation is negative) can be checked directly.
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